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TEE AVEBAUE INTEBVAL CURVE AND ITS APPLICATION TO 
METEOBOLOQICAL PHENOMENA.’ 

By W. J. SPILLMAN, H. R. TOLLEY, and W. G. REED. 
[Dated: IJ. S. Office of Farm Management, W~sl~gtou, Apr. 13,1016.1 

In  cooperation wit,h the Bureau of P lmt  Industry the 
Office of Fmm Management recently uiidertook at study 
of methods and cost of hoating greenhouses. In these 
investigations det,ailed studies were m d e  of t,he heating 
systems in a Inr c? nuinber of comniercial es t,ablishmenh. 
In  prosecuting t a is investigation in central and sou them 
latitudes we met everywhere the question on the part of 
the growers: “What is the lowest temperature we are 
liable to have once in 30 years?” These men were of 
opinion that it would be cheaper to stand a loss once OR 
30 ears than to go to the expense of providing against it. 

Temperature is, of c~ouwe, not the only factor in the 
problem. Wind velocity is quite as iniiortant. It is 

extensive investments in greenhouses. 
It may be of interest to note that we did not meet the 

above query when these investigations were estended 
into the northern distzicts. Greenhouse nien there 
informed us that when the temperature falls below about 
20’ F. the moisture in the house freezes on the gl:z.zss and 
seals up the chinks, so that it a c t d l  c0st.s less to heat 

this point. 
I t  is not, difficult when the inean and the standard 

deviation of the extreme winter minima are known for 
a given locality, to calculate the average frequency with 
which temperatures lower than any assigned liniit will 
occur or the temperature limit that will be esceecled once 
on the average in a given number of years. However, 
the labor involved is considerable, especially wlieii the 
calculations must be made for several stations, and more 
especially when several temperatures or intervttls are 
concerned. In  making these calculations for a large nuni- 
her of stations it occurred to the senior zubhor of this 
.paper to shorten the labor by constructing a curve with 
average intervals between successive occurrefices of a 
minimum lower than a given tempersture, Y’, as ordinntm 
and with the departure of T from the mean as abscism, 
T being expressed in terms of the standard deviation as 
the unit. Accordingly he constructed such a curve (see 
fi . 1). The equation of this curve was derived froin the 
fo B owing considerations: In  the theory of probability, 
unity represents certainty. An even chance is repre- 
sented by the fraction 3. Assuming that the frequency 
curve for the extreme winter minima is iionna1, which 
it is near1 , it is an even chance whether the lowest tein- 

average value for any articular locality. The proba- 
bility that it will be befow the mean is therefore 3, as 

the combination of low tern erature and I iigli wind that 
sen& the cold chills down t f ie back of the n i ~ n  who has 

73 
a hothouse full of growin plnnt,s wit t outside tein era- 
tures below 20’ than wit, % temperatures slight.ly a ove 

perature c9 wing any one whiter will be above or below its 

indicated in fi re 2. Let P represent the probability 

ture, T, lower than the mean. Then the probability that. 
it will lie below T is 3 - P .  Su pose that in a iven case 
the value of this latter probabi Y l  ty is 1/10. T%is means 
that the chance is one in ten that the minimum for the 
winter will bo lower than T, or that the minimum will be 

that it will lie r etween the mem, dd, and some tempera- 

Fir;. 2 -Diagram illnstrtiw the prohbilitv P that the Inwest temperature of any 
one &inter will lie latween the mean minimhm’temperatue, M, and some tempen- 
tiire, T,lower than AI; below T; and abore 11% 

lower than T on the average once in ten years. Thus, the 
probability is 1/10, and the average interval is 10. The 
avera e interval between the occurrence of minima below 

rence, a general principle, applicable to all cases. If, 
then, the avera e interval be represented by A we have 
A = I/(* -P). %he value of P can be expressed in terms 
of the standard deviation and the deDarture of T from the 

T is t fl us the reciprocal of the probability of such occur- 

IA paper read before the Philosophical Boclety of Washington, Apr. 1, 1916. 



meanz which departure is usually represented by X .  
Substituting this value for P in the last equation we have 
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X'. (-Y')Z. 

14 1Btl 
4 1  1 

5 25 
10 100 
1 1 

8 3 9  
7 48 

3 2 4  
10 100 
6 36 

6 1  1 
4 16 
5 a5 

7 48 
7 2 4  
2 3 9  
2 3 9  

4 16 
R 64 

5 25 
4 1  1 

8 64 

-- 

s n o  

5 a5 

TABLE 2.-Abeoluts winter minimum tmptratwtx at Phikadelphiu, anti 
cahlatbn of the m.ean and the standard deuicrtion. 

1. M - T = X  
2. X / D  
3. Value of Y corresponding to 

X l D  
4. A = l / ( f - P )  

The above e uation is the equation of the average 

and those of XID the abscissse. 
Table 1 has been constructed to give a comparison of 

the use of this curve as.compared with the use of the 
ordinary probability integral tables in problems of the 
kind here under consideration. Suppose the problem is 
to find the average interval between successive occur- 
rences of an absolute winter minimum lower than T. 

TABLE l.-Comparkvn of wae of t a h h  and the dtrzv. 

interval curve, t 1 e values of A constituting the ordinates 

1. M - T = S  
2. S / D  
3. Ordinate 11 corresponding to 

S / D  

~~~~~~~ 

Given M, D, and T to find A .  
TABLES CURVE 

1. P = (-4 - "12.1 
2. Value of AID corresponding 

top 
3.' .(X/D De: X 
4. T = L X  

1. Abwiasa XID cvrrwpoiidiug 

2. (.X/D)D = X 
to A 

3. T = N - X  

10-16.. .................................................................... 
17-18 ...................................................................... 
!a&=. ..................................................................... 
244.. .................................................................... 
ao-38.. .................................................................... 
404.. .................................................................... 
5B. ........................................................................ 

Total. .............................................................. 

We first calculate the mean and the standard depar- 
ture of the extreme winter minima, as shown in figure 1. 
To find A b means of the tables we then subtract T 
from M to ottain X ;  divide X by the standard devia- 
tion; then from the tables we find the value of P corre- 
sponding to this value of XID. Finally we subtract the 
value of P from 4 and divide the result into unit . 

In using the curve the first two operations are t 1 e same. 

to abscissa XID. This ordinate is the average mterva f Having found XID, we find the ordinate correspondin 

sought. The use of the curve thus saves one complex 
operation, and substitutes tshe reading of a curve for 
hunting in a table for a number after the manner of find- 
in the number corresponding to a iven lo arithm. 

q f  A be given and it is desired to d %  ad T, w ich was t.he 
problem even  us by the greenhouse men, the operations 
are as shown in the lower part of Table 1. Here again 
we save one operation still more complex, and substitute 
the reading on the curve for the search in a table of fig- 

We shall first illustrate the use of the curve in some 
concrete examples, and incidentally show something of 
the applicability of the method to meteorological predic- 
tion. 
The first column of Table 2 gives t.lie absolute winter 

minimum at Philadel hia for 24 successive winters. This 

degree of accurac , but will serve for purposes of i lustra- 

tion in the usual way (see fig. 1). It will be noticed 
that 13 of the minima of Table 2, or one more than half, 
are below the mean, which is 5.04OF. This gives some 
idea of the closeness of fit of the normal frequency curve 
in this case, since theoretically half of them should be 
above and half below the mean. 

ures. 

f number of values of t % e variable is too sinall for an great 

. tion. We h t  ca 9 d a t e  the mean and the standard devia- 
6 

4a 
388 

' 116 
48 
I 
1 

68 

~ d a t i o n .  

M- 121/24 - 5.04. 

Y'= 6. 

n- #. 

(For meauing of symbols sea explanations In flg. 1. 
IacIng p. 1s.) 

Totals. .. 121 1 ........I 838 
-- 

*This modification of the common formula for computing the standnrd deviation 
is due to Prof. $. F. YsrVin. Chie! of the Weather Bureau who has khdly comeJ!td 
to its USB here 111 ad- Of public~ttlon. The new f O I I R d 8  iS much mOre con-t 
for computation than the one commonly used.- W. J .  8. 

Let us now find the temperature below which the wintm 
minimum should be expeoted to fall onoe on the average 
in 30 years. The abscissa corres onding to ordinate 30 
on the curve (fig. 1) is 1.834. &us, then, is the value 
of XID. Multiplyin by 5.877, the prEviously found 

value of -5.738 degrees (F.). Theoreticall , the lowest 

below -5.738O once on the average in 30 years. Refer- 
ence to Table 2 shows that during the 24-year period of 
observation there recorded the temperature did not quite 
reach this low level, but did reach - 5' on two occasions. 

To further test the reliability of this method of predic- 
tion let us determine how often the temperature should 
fall below zero. In  this case S = 5 ,  and X/D=O.85. 
On the curve this abscissa corresponds to A = 5; hence 
the tomporature should fall below O O F .  once on the 
avemge in fivo years. During the 24 years for which 
data are available it did fall below five times, which 
agrees with the calculated value of A. 

There are three important lizllitatioils in the applica- 
tion of the method here outlined to meteorological phe- 
noniena. The first lies in the fact that the eriods for 

ble that the resulting values of the mean and the standard 
deviation are not as rdiable as i t  is desirable they should 
bc. Nevertheless, when the frequency curve is approxi- 
mately normal, the results calculated from 20 years' 
observations are fairly satisfactory, as will be seen below. 

The two junior authors of this aper have calculated the 

for 569 stations, the data for which were lundly furnlshe 
by the Weather Bureau. The length of tho record at  these 
stations covers 10 to 59 years, as shown in Table 3. 

value of D, we find 5 -10.778, which gives for T the 

winter temperature at Philadelphia sho lJ d thus fall 

which data me available give so few values o P the varia- 

!i standard deviation of the date of Y mt killing frost in sprin 

TABLE 3.-Reiwrds wed a8 a test of the reliability of the method. 
__________ 

Number ol 
statlow.. Length of record (yeam). 

-_ --- 
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Mr. Tolley and I&. Reed have also calculated, by means 
of the aver e interval curve, the theoretical date after 

stations, and made a comparison between the theoretical 
number of frosts after this date, which is 1 for each 10 

ears, and the actual number at each of the 569 stations. 
gable 4 shows the results. At 414 stations there were no 
unex ected frosts. This is 72.75 per cent of the entire 
num I! er of stations. There was 1 unespected frost at  
123 stations, 2 at 29 stations, and more than 2 at  
3 stations. Thus in 94.35 per cent of the cases there was 
not more than 1 unexpected frost during the period of 
observation, which in most cases was 20 to 29 years. 

TABLE 4.-Number of s t a t i m  having sperified numbers of unexpected 

which frost P s ould occw once in 10 years at each of these 

fiosts. 

................................................ 
None.. one frost .............................................. I %I E; 
Two fmts.. ........................................... 
Three or more.. ....................................... 0.55 

sums. ........................................... I 5691 100.00 

Cumula- 
tive 

per cent. 

73.75 
Bp. 35 
99.45 

100. 00 

......... 

In some types of farmin , especially in the production 
of early vegetables, the abihy to reach the market before 
the main suppl arrives means greatly enhanced profits tb 
t4e farmer. E& is therefore ‘ustified in taking some risk 
from having his vegetables kded by frost in order that he 
may in those years when he is lucky enou h to escape frost 

He therefore takes chances. %he question is whether it 
is better for him to o it blindly, wit.h only the vaguest 

rely u on a theoretical risk, which in 73 per cent of the 

not more than 1 such oss in a period of 20 to 30 years. 
As the periods of observation at the various meteor- 

ologicd stations len then, the value of the nlem a id  of the 

mined with increasing precision, so that the cnhlatecl 
average intervals between frost aftcr any assigned date 
will become more and more reliable. 

The second limitation of the method here presented lies 
in .the fact that the frequency distribution of many me- 
teorological phenomena can not be accurately represented 
b a normal fre uency curve. The investi ations of Ah. 

frost in spring and first frost in fall  the nornial frequency 
curve fib the facts very satisfactorily, but in the case of 
rainfall the fit is not so satisfactor . We have calculated 

the results for the s m d  number of values of the variable 
available in any case are very unsatisfactory, the normal 
frequency curve giving a better fit than Pearson’s skew 

obtain the high prices which revail ear K y in the season. 

impressions to guide % im as to the risk he is taking, or to 

ewes P eads to no unex ected losses m d  in 91 per cent to 

staiidard deviation K or each of these stations ca11 be deter- 

P 

d l l e y  and Mr. ?teed have shown that in t % e case of last 

Pearson’s skew curves for rainf ld data, but we find that 

curves. 

inches. Under these conditions, how often should the 
rainfall be less than 12 inches ? 

Twelve inches represents a departure of 10.46 inches. 
This divided by the standard deviation, 7.74 inches, gives 
abscissa 1.353, which on the average interval curve corre 
sponds to about 11.2 years. The theoretical frequency 
of rainfalls less than 12 inches for the 26-year eriod of 
observation is thus 26/11.2, or 2.32. The tabre in the 
figure shows that it nctudy fell below this value twice in 
this period. 

How often should the rainfall a t  S m  Francisco fall 
below 1s inches? Here we have a departure of 4.46 
inches, which divided by the standard deviation gives 
0.576 for the abscissa, w7hic.h corresponds to ordinate 3.6; 
that is, to an average interval’ of 3.6 years. In  26 years, 
therefore, the annual rainfall should fall below 18 inches 
7.22 times. If wc count the 4 years in which the 
rainfall is recorded as 18 inches as bein half below and 
half above 18, we have the rainfall be 7 ow 18 inches 6 
times in the 36 years, instead of the theoretical 7.22 
times. 

This gives some idea of the general agreement between 
the calculated and the actual de artures of rainfall. 

importance in the selection of farm lands, especially in 
regions where the rainfall is light. A farmer who knows 
that the average r,ainfall in a given locality is 15 inches 
and that on the average he must be content with a rain- 
frdl as low as & inches once, sa , in five yeais, is less likely 
to pay esorbitant prices for (9.y lands than the one who 
knows nothing about such thin s. 

The third limitation of the use. 9 ulness of the information 
to be obtained by the mdiod  herein outlined lies in the 
fact that when a given event occurs once on the average, 
say, in 10 years, this does not mean that it will occur at  
regular iiitervnls of 10 years. It does mean that in a 
century it, will occur about 10 times; but these 10 
occurrences will be scattered more or less at random 
throughout the century. When the average interval 
between such occurrences is 10 years the probability that 
it, will occur in “ny year is one-tenth. But it ma occur 

so remote tliat it sliould not occur on. the awerage more 
thrtn once or twico in a century. If the average interval 
should be five years, then the event should not occur in 
two successive years oftener than about once in a quarter 
of a century. 

The matter is somewhat further complicated by the 
occurrence of more or less distinct cycles in meteorological 
phenomena. But so little is known of these that they 
can not be taken into consideration in an article of thls 
character. 

Loca. fities -frost ji.ee. in. sorn.6 years. 

The method of calculating the average interval between 
frosts after a given date may be estended to localities in 
which frost does not occwr every year, though it is neces- 
sary to have longer records in such cases to make the 
results of value. 

Let L re resent the number of ears for which records 

occurred during the eriod L, -4 the avera e interval (in 

e v e r y p  and 1 /Y  the actual robability of frost after 
date 
frost after date C, if frost occurred every year. 

These values for the frequency o P low rainfall are of 

in two successive years, though the likelihood o 9 this is 

are availn B le, R the number o 9 years in which frost 

years) between last P rosts rtftcr date C if 9 rost occurred 

In  this case 1/A wou P d be the probability of 
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from 
mean. 

Case I. When the robability of frost after date C i s  
less than half the totJprobabiht of frost; that is, when 
1/Y is less than half of R / Y .  %he value of A in this 
case is found from the proportion 

1 / Y  : 1/A :: R : L, 

from which A = R Y/L .  Since R and L are known, either 
A or l7 can be found when the other is known and one 
of them is always known in problems of the kind here 
under consideration. 

of 1/Y in the 
have A = 2. In 
average date of 

last frost. 
. Case 111. When the robabilit of frost after date C 
is greater than half of l / L  and Ls than R/L. In this 
case the value of A is less than 2, and is hence not on 
the curve; but if we deal with the probability of last 
frost occurring before date C, instead of after C, we shall 
then find a value of ,4 that does lie on the curve. The 
date C will then conie before the mean date of last frost. 

Since the total probability of frost is R/L, the proba- 
bilit of last frost occurring before date C is R/L- l/P, 
or &Y - L ) / L P .  Hence we have 

(Rl ' -L) /LY : I/A :: h? : L, 

rainfall 
abovethe 
average. 

-- 

from which A = R Y / ( R  Y -  L) .  
Case IV. When the probability of frost after date 6' 

is equal to the total robability of frost, or l / Y = R / L .  

Case V. When the probabilit of frost after date C 
Here A is infinite, an B there is no solution. 

is reater than the total roba g ility of frost, or when 
1/ # is greater than RIL. fn  this case A is negative and 
there is no solution., 

+0.072 
+l.676 

-0.114 
-0.101 
+0.514 
-0.811 
-0.888 

-0. ea7 +o. 647 
-0.071 +o. 101 

A COBRELATION BETWEEN THE RAINFALL OF NORTH AND 
SOUTH AMEBICA. 

By R. HELM CLAYTON. 

[De* Oflcclaa MeteoroMglca Argentha, Buenot birea, Mar. 20,1916.] 

a line of research outlined in the Popular 
Scienceyonthy (New York) of December, 1901, the 
writer obtained the avera e rainfall in the United States 

includes all the States'except the north Atlantic, the 
Plateau, and the Pac& coast. This aver e was com- 

ublished in the b8e t in  of the 

the United States for the Years 1872 to 1907, in which 
the rainfall is iven for selected stations nearly e ually 
distributed. I&. P. C. Day has kindly extendel this 
data to the end of 1914. 

The object of the research was to corn are the total 
rainfall m t h  the total crop production, a n i  between the 
two there is an interesting correlation. There has also 
been discovered a correlation between this rainfall of 
central North America and that of central South America 
as indicated by the outflow in the River ParanB. There 
ap ears to be an inverse correlation between these two 

Table 1. 

Purs ' 

between the longitudes o 9 80' W. and 110' W., which 

keather Bureau entit f ed "The Annual Preciyjtation of 
iled from the data 

an : the rainfall of Australia. The data are given in 

.......... .......... 

.......... 
33 
40 
7s 

25 
12 
27 
11 

.......... 

................... 

TABLE L-Cmparison of annual rainfall over the central Unitad States 
with that over Australia and tk mean annual heights of tlrs P a r d  ai 
Rosario, Argentina. 

YW. 

1 m . .  ............................ 
1901 .............................. 
1902.. ............................ 
1803.. ............................ 
1904.. ............................ 
1805 .............................. 
1906.. ............................ 
1907.. ............................ 
1908. ............................. 
1909.. ............................ 
1910.. ............................ 
1911.. ............................ 
1912.. ......................... .: . 
1913.. ............................ 
1914.... .......................... 
Mean.. ........................... 

Annual 
fsll.  

I d e a .  
31.97 
26.75 
30.44 
30.14 
28.08 
34.18 

32.71 
28.77 
30.93 
30.09 
23.63 

28.37 
31.67 
30.80 
29.34 

29.86. 

- 

Depar- 
ture 
from 
mean. 

Imhe8. 
+a. 11 
-3.11 +o. 58 +o. 2s 
-1.78 
+4.32 

+2.s 
-1.09 
+1.07 +o. 23 
-6.23 

.-1.49 
+1.81 
+0.94 
-0.53 

........ 
__ 

MeSn s;: 
MdCrS. 

2.998 
3.636 
3.268 
3.807 
5.611 

3.621 
3.634 
4.249 
2.924 
2.837 

3.128 
4.382 
3.664 
3.830 

3.73s 

4.sa7 

*From data kindly furnt+ed me by the Chlef of the Hydrometric Rection of the 06- 
cine Meteorol6glca Argentma. 

In this table column 1 

Rosario; column 

These percentma es were taken from a meteorological 
chart publishecf by Mi .  H. A. Hunt, Commonwealth 
Meteorologist. Unfortunately the data do not go back 
of 1908. 

RIVER 
PARANA 

ARGENTINA 

RAINFALL 
UNITED 
STATES 

RAINFALL 

Ayzfik\lA 1 
PIG. l.-ArgPmtine rainIsll BS resented by mean annual stsges of the ParanB, 

pared wfth &~t%nited Statas and Australian rainialls. 
corn- 

Computing the correlation factor between the depar- 
tures of annual rainfall in the United States and the 
departures of the mean river hei hts a t  Rosario by the 
formulas given by Yule in his !&eo7 of Statistics, the 
correlation is found to be 0.71. The ata are plotted in 
figure 1 and show to the eye the closeness of the correla- 


